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My research lies in hyperbolic and complex geometry. A classical question in geometry is whether surfaces
with given geometric features can be realized as embedded surfaces in Euclidean space. For example, the
sculpture “The Eightfold Way” at MSRI, is a realization of Klein’s quartic as a regular tiling by 24 heptagons.
Although the gluing pattern of the heptagons is regular on the sculpture, the heptagons themselves are
not. Inspired by the rich theory of triply periodic minimal surfaces, I am particularly interested in the
realization of Riemann surfaces as quotients of periodic surfaces embedded in R3. This is significant since
Riemann surfaces where one has equivalent explicit descriptions – as an algebraic equation, translation
surface, polyhedral surface in R3 – are rare. For example, in [17], I construct a triply periodic polyhedral
surface1 (Figure 1) whose underlying surface is a genus-three compact surface that has the same Riemann
surface structure as Fermat’s quartic (Theorem 1.2). I expand this construction in my thesis [18] and find
concrete examples that connect diverse fields such as differential geometry and minimal surfaces (Section 2),
Teichmüller theory and low dimensional topology (Section 3), and physics (Section 4).

Figure 1: Construction of the triply periodic polyhedral surface {3, 8}.

1 Motivation

Triply periodic polyhedral surfaces are embedded surfaces tiled by Euclidean polygons that are invariant
under a rank-three lattice in R3. Let Π ⊂ R3 denote a triply periodic polyhedral surface and Λ its lattice of
translations. The abstract quotient surface X := Π/Λ embedded in the 3-torus T3 is a compact Riemann
surface. One can find a mapping from the polyhedral surface Π to the hyperbolic disk (by mapping a
Euclidean polygon to a hyperbolic polygon, then by applying Schwarz reflection principle) to find a hyperbolic
tessellation of X that preserves the identification of edges as in Π. This allows us to study the instrinsic
surface rather than its embedding in R3.

If X has a large symmetry group, then one can attempt to identify the Riemann surface structure on X.
In general, X has more symmetries than Π since one can disregard the isometry group of the ambient space.
This leads us to seeking periodic polyhedral surfaces that are highly symmetric. The study of symmetric
polyhedral surfaces (not necessarily infinite) goes back to the Platonic solids. Using Schläfli symbols {p, q} to
denote polyhedral surfaces tiled by regular p-gons with valency q, the Platonic solids are denoted by {3, 3},
{3, 4}, {4, 3}, {3, 5}, and {5, 3}. In Harmonices Mundi (1619), Kepler introduced non-convex regular star

1This surface later appeared in Illustrating Mathematics, a book published by AMS based on the seminar held at ICERM
in 2019.
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polyhedra, or so called Kepler–Poinsot polyhedra, {5, 52}, {
5
2 , 5} (Figure 2), {3, 52}, and { 52 , 3}. Although

{ 52 , 5} is homeomorphic to a sphere, viewing the pentagrams as the polygonal faces, the Euler characteristic
is v− e + f = 12− 30 + 12 = −6, hence it is a genus-four surface. In fact, the associated Riemann surface is
biholomorphic to Bring’s curve [24]. We will revisit this example in Section 1.1.

Figure 2: Kepler’s small stellated dodecahedron { 52 , 5}. Regular star polygons are not convex, and the
irreducible fractional Schläfli symbol {pq } denotes p vertices where every q-th vertex is connected.

In the 1930s, Coxeter and Petrie [6] further extended the notion of non-convex regular polyhedra and
found three triply periodic polyhedral surfaces {4, 6}, {6, 4}, and {6, 6} in R3 where the polygonal faces form
alternating “ridges and valleys.” In my thesis [18], I devise an algorithm to expand Coxeter and Petrie’s
classification and construct triply periodic polyhedral surfaces {3, 8}, {3, 12}, and {4, 5} whose underlying
Riemann surface structures can be identified. They correspond to Fermat’s quartic, Schoen’s minimal I-WP
surface, and Bring’s curve, respectively (Section 1.1). I also show explicitly how a basis of 1-forms naturally
arises from their polyhedral structure, with which one can compute for example, the algebraic equation of
X, the Jacobian variety Jac(X), the automorphism group of X, the Weierstrass points of X. All of this is
done explicitly and concretely.

1.1 Summary of my thesis

In my previous work on triply periodic polyhedral surfaces, [17] and [18], I relax Coxeter–Petrie’s ridge-valley
formation of faces and allow faces to form “plateaus” while focusing on the regular tiling on the intrinsic
surface. From this search, I find triply periodic polyhedral surfaces with Schläfli symbols {3, 8} (Figure 1),
{3, 12}, and {4, 5}.

The key to identifying the underlying Riemann surface structures of the polyhedral surfaces is to find
various maps from these abstract Riemann surfaces to the Riemann sphere. Given a holomorphic map from
a surface X to its quotient sphere, its exterior derivative yields holomorphic 1-forms on X. We say that X
is cyclically branched over the Riemann sphere if there exists a d ∈ N such that X/(Z/dZ) = S2. In fact, if
one can find one cyclic covering, then using the notion of multipliers (Definition 3.13 of [18]), one can find
at least g (= genus of X) such maps that yield an explicit basis of holomorphic 1-forms on X.

Although the symmetry group of {3, 8} as an embedded surface in R3 does not contain an order-8 element,
the symmetry group of the quotient surface contains an order-8 rotational symmetry. Hence, I identify the
quotient of {3, 8} as an eightfold cyclic branched cover of the sphere. This allows me show the following:

Theorem 1.1 (Theorem 4.1, [17]). The automorphism group of X, the compact quotient of {3, 8}, acts
transitively on the triangular tiling of X. Moreover, |Aut(X)| = 96.

Theorem 1.2 (Theorem 5.1, [17]). The triply periodic polyhedral surface {3, 8} is a geometric realization of
Fermat’s quartic.

Theorem 1.3 (Theorem 5.4, [18]). Given the cone metrics on the compact quotient of the {3, 12} surface, the
Weierstrass representation defines a conformally parametrized genus four minimal surface, namely Schoen’s
minimal I-WP surface.

Theorem 1.3 is remarkable since the order-12 cyclic action on Schoen’s I-WP surface was unknown until
then.
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Remark. In [24], Weber shows that Kepler’s small stellated dodecahedron (Figure 2) – as a Riemann surface
– is a fivefold cyclic cover of the sphere. In Section 5.3 of my thesis [18], I show that the underlying surface
of {4, 5} is conformally equivalent to the previously mentioned fivefold cover of the sphere. In other words,
I show that {4, 5} is a triply periodic realization of Kepler’s small stellated dodecahedron as a genus-four
Riemann surface.

2 Realization of Riemann surfaces in Euclidean space

2.1 Polyhedral surfaces

In recent work with Charles Camacho [5], we seek triply periodic octavalent polyhedral surfaces that have
identifiable underlying Riemann surface structure of the compact quotients; namely the ones that are eight-
fold covers of a thrice punctured sphere. It is known that up to isomorphism, there are only three cases:
the genus-two Bolza surface, the genus-three Fermat quartic, and the genus-three 2-cover over the doubled
regular octagon. The motivation for finding triply periodic polyhedral surfaces arises from Theorem 1.2
where I find the polyhedral realization of Fermat’s quartic. In [5], we construct and analyze the following
triply periodic octavalent polyhedral surfaces (Figure 3).

Figure 3: The smallest fundamental piece for a triply periodic isoceles-tiled surface of genus three and an
equilateral triangle-tiled surface of genus four.

Theorem 2.1 (Theorem 3.2, [5]). There exists a triply periodic octavalent polyhedral surface tiled by isoce-
les triangles that has the underlying Riemann surface structure as the eightfold cyclic cover over a thrice
punctured sphere. Furthermore, this surface is a polyhedral surrogate of Schwarz CLP minimal surface.

Theorem 2.2 (Theorem 4.2, [5]). There exists a triply periodic, octavalent, polyhedral surface tiled by
equilateral triangles whose underlying surface is a genus-four compact Riemann surface X.

The polyhedral surface in Theorem 2.2 is regular with respect to its triangular tiling and its construction
is motivated by the regular tiling of the genus-two Bolza surface. However, we show that its underlying
Riemann surface structure cannot be a cover of the Bolza surface (Theorem 4.3, [5]). This work is a step
towards to the following question.

Question 2.1. Given any cyclic cover of a sphere, is there a triply periodic polyhedral surface whose
compact quotient has the Riemann surface structure as the given cover? If not, what are the constraints?
More specifically, can one find a triply periodic polyhedral surface in R3 whose underlying Riemann surface
structure is equivalent to Klein’s quartic or its cover?

We believe that the answer to previous question Klein’s quartic case is negative. If this is the case, is it
possible to find triply periodic polyhedral surfaces embedded in S3 or H3?

2.2 Discrete minimal surfaces

The Dirac operator is a way of studying the immersion of surfaces in Rn for n = 3, 4, and also in S3. It
was originally constructed by Atiyah and Singer for immersions of Riemannian manifolds [3]. A Dirac-type
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operator Df = −df∧d
|df |2 (where f : X → R3 is an immersion) was developed to study spin transformations and

conformal transformations of immersed surfaces [16]. This operator depends on f, hence it is extrinsic and
called the extrinsic Dirac operator or the quaternionic Dirac operator. In [15], the authors study a discrete
version of the extrinsic and intrinsic Dirac operator and show that many key properties of the smooth theory
are preserved.

In a project with Joseph Cho and Seong-Deog Yang, we investigate the spinor representation formula in
subspaces of the Lorentzian 4-space. First, we identify L4 with 2× 2 Hermitian matrices:

p =

(
x0 + x3 x1 + ix2
x1 − ix2 x0 − x3

)
= xµσµ,

where

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 i
−i 0

)
, σ3 =

(
1 0
0 −1

)
are Pauli matrices. This notation is particularly useful since det p = t2 − x2 − y2 − z2.

We are interested in the following subspaces of Herm(C2) :

E3 = {H ∈ Herm(C2) : trH = 0}, I3 = {H ∈ Herm(C2) : x0 − x3 = 0},
L3 = {H ∈ Herm(C2) : trσ3Hσ3 = 0}, H3 = {H ∈ Herm(C2) : detH = 1, x0 > 0},
S31 = {H ∈ Herm(C2) : detH = −1}, C3 = {H ∈ Herm(C2) : detH = 0}.

In [1], the authors study a conformal representation on spacelike immersions in L4. This extends the
Weierstrass representation for minimal surfaces in R3 and for maximal surfaces in L3, and the Bryant
representation for constant mean curvature surfaces in H3 and the de Sitter 3-space dS3. However, the
authors do not use the properties of spinors. We ask the following questions:

Question 2.2. Can one produce simliar results using the properties of spinors? Can one write the spinor
representation formula in the six subspaces of L4?

3 Translation surfaces

A translation surface is a pair (X,ω) where X is a compact Riemann surface of genus g and ω is a non-zero
holomorphic 1-form. An order-k zero of ω corresponds to a point with cone angle 2π(k + 1). We say that
(X,ω) lies in a stratum H(k1, . . . , kn) where ki denotes the order of a zero of ω. Let Γg be the mapping
class group (orientation preserving diffeomorphisms of X up to isotopy), T Hg be the Teichmüller space of
abelian differentials of genus g, and Hg = T Hg/Γg the moduli space of abelian differentials of genus g. By
normalizing the area of a surface, we denote the Teichmüller space and the moduli space of genus g unit-area

translation surfaces by T H(1)
g and H(1)

g , respectively. SL(2,R) acts on H(1)
g via R-linear post-composition

with charts determined by ω, and the SL(2,R)-actions on (X,ω) yield an orbit on the moduli space which
preserves the stratum. The Veech group of (X,ω) is the stabilizer in SL(2,R). We denote the Veech group
of (X,ω) by SL(X,ω). In this section, I will present my contribution to the study of translation surfaces.

3.1 Translation covers of platonic surfaces

In my work with Jayadev Athreya [2], we study the surfaces that arise as translation covers of intrinsically
Platonic polyhedral surfaces (e.g., Coxeter–Petrie’s {4, 6}, {6, 4}, {6, 6}, and {3, 8}, {3, 12}, {4, 5} from my
work [18]). We compute the Siegel–Veech constants of these translation surfaces and show their relations to
translation covers of Platonic solids. Specifically, we show that covers of the cube and octahedron can be
realized as compact quotients of triply periodic polyhedral surfaces. That is, we show that the 2-cover of
the cube is isomorphic to the genus three compact quotient of Coxeter’s {4, 6} surface and the 3-cover of the
octahedron is isomorphic to the genus four compact quotient of {3, 12}.
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3.2 Kontsevich–Zorich cocycles over the Teichmuller flow

In this subsection, I will discuss an ongoing project with Rodolfo Gutiérrez-Romo and Anthony Sanchez,
where we compute the Kontsevich–Zorich monodromy group on certain translation surfaces.

The Teichmüller flow on H(1)
g is the action of the subgroup gt := diag(et, e−t)t∈R of SL(2,R). To

study the dynamics of the Teichmüller flow, we consider the Hodge bundle over the moduli space H1
g :=(

T H(1)
g ×H1(X,R)

)
/Γg and define the Kontsevich–Zorich cocycle (KZ cocycle, for short) over the Te-

ichmüller flow. It is defined as GKZt := ĜKZt /Γg, where ĜKZt is a map from T H(1)
g ×H1(X,R) to itself such

that ĜKZt (ω, c) = (gt(ω), c).
The fiber of the Hodge bundle over (X,ω) is the quotient H1(X,R)/Aut(X,ω) hence the KZ cocycle is

well-defined along Teichmüller orbits of translation surfaces without non-trivial automorphisms. Therefore,
it is natural for one to look into translation surfaces with large automorphism groups. With Gutiérrez-Romo
and Sanchez, we compute the Zariski clousure of the KZ monodromy group of the examples from my work
with Jayadev Athreya on translation covers of platonic surfaces [2].

Theorem 3.1. The Zariski closure of the Kontsevich–Zorich monodromy group of the translation cover of
the compact quotient of the infinite polyhedral surface {6, 6} is a 12-dimensional subgroup of Sp(8,R).

In [12], Filip shows that the Zariski closure of KZ monodromy groups falls into one of five different
Lie algebra representations. In fact, the upper bound of the dimension of the representation above can be
computed using results from [21]. However, our goal is to identify the group by finding a lower bound. The
following is a stronger result.

Theorem 3.2. The Zariski closure of the Kontsevich–Zorich monodromy group of

1. the translation cover of the regular octahedron is isomorphic to SL(2,R) < Sp(6,R),

2. the translation cover of the regular cube is (SL(2,R))3 = SL(2,R)× SL(2,R)× SL(2,R),

3. and the translation cover of the compact quotient of {6, 6} is (SL(2,R))4.

3.3 Square-tiled surfaces

A square-tiled surface (or origami) is a translation surface defined by a finite number of unit-area squares.
Equivalently, a square-tiled surface (X,ω) is a branched covering f : (X,ω) → T2 branched at zero and
ω = f∗(dz). We call it a regular (or normal) origami if f is a regular map.

In Section 3.3.1 of [18], I show that the underlying surface of {3, 8} lies in the intersection of two
Teichmüller curves by finding 1-forms that belong to H(4) and H(14). This is by viewing the surface not
as an eightfold cyclic cover, but as a fourfold cyclic cover of the sphere branched over four points. Here
the sphere is conformally equivalent to a doubled square where the vertices correspond to the four branched
values. This allows us to systematically build translation surfaces. In fact, the fourfold cover corresponds to
a well-known origami, so-called the Eierlegende Wollmilchsau [14] (Figure 4, k = 2 case). Using the theory
of cyclic covers over the sphere, one can similarly build the so-called Ornithorynque (Figure 4, k = 3 case)
by viewing it as a sixfold cyclic cover the sphere.
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Figure 4: Square-tiled surfaces that are cyclic covers over the doubled square.

When an origami is reduced, that is, when the period lattice is Z⊕ iZ, then its Veech group is a subgroup
of SL(2,Z). As square-tiled surfaces are defined completely combinatorially, the stabilizer can be computed
by SageMath and surface dynamics package.
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We start from the following observation. In every stratum H(k1, . . . , kn) there are at most finitely many
regular origamis. More precisely, if the stratum contains a regular origami, then we have k1 = · · · = kn and
the degree d of the regular origami satisfies d = (k1 + 1) · n. This allows us to list properties such as the
systolic ratio and the sum of Lyapunov exponents (asymptotic eigenvalues of the KZ cocycle) for all regular
origamis in a stratum.

Question 3.1. For which regular origamis are these invariants maximal, or minimal? How are they related
to the respective invariant of the other translation surfaces in the stratum?

The study of Lyapunov exponents of the SL(2,R)-orbit of a translation surface has been a major theme
in the study of translation surfaces (e.g., [11], [12], [26]). In a collaboration with David Aulicino and Gabriela
Weitze-Schmithüsen, we systematically study the sum of Lyapunov exponents of regular origami.

3.4 Systoles

Extremal length is a conformal invariant that plays an important role in Teichmüller theory. For each
essential closed curve on a Riemann surface, it furnishes a function on the Teichmüller space. The extremal
length systole of a Riemann surface is defined as the infimum of extremal lengths of all essential closed curves.
Its hyperbolic analogue is the hyperbolic systole: the infimum of hyperbolic lengths of all essential closed
curves. While the latter has been studied profusely, the extremal length systole remains widely unexplored.
For example, it is known that in genus two, the hyperbolic systole has a unique global maximum: the Bolza
surface. In [4], the authors show that the extremal length systole of genus two surfaces attains a strict
local maximum at the Bolza surface. This is due to the fact that the Bolza surface has many conformal
symmetries, presenting a nice conformal model adapted to each curve. Moreover, it is a branched cover of
the octahedron where extremal lengths can be computed explicitly either by writing down the quadratic
differential or by projecting further to pillowcases. With Dı́dac Mart́ınez-Granado, we investigate the triple
cover of the octahedron which has been studied explicitly in my works [2], [18], [19], and [20]. Partial results
tell us that we know the extremal length systole of the 3-cover of the octahedron. However, to show that it
is a local maximum in the Teichmüller space requires further investigation.

4 Novikov’s problem

Another related problem is the study of hyperplane sections of triply periodic surfaces [22], namely Novikov’s
problem, where a periodic surface Π ⊂ R3 is understood as a Fermi surface of some metal, and the plane
sections are understood as hyperplanes orthogonal to the magnetic field. Let XH be the intersection of a
hyperplane H and the compact quotient (X := Π/Λ) of Π. In particular, these one-dimensional curves are
the level set of a 1-form on the surface [25], which is the real part of a holomorphic differential ωH .

Concrete examples have been studied, for example, {4, 6} by De Leo and Dynnikov [8] and {6, 4} by
Dynnikov [9]. Furthermore, Dynnikov and Alexandra Skripchenko [10] provide a necessary condition for a
1-form to arise from a hyperplane intersection using the SAF (Sah–Arnoux–Fathi) invariant, which encodes
Q-linear relations between lengths in the interval exchange transformation (IET) associated to the vertical
flow. Namely, the condition is that the SAF invariant vanishes for IETs that appear in Novikov’s problem.

The examples that arise from my previous work [18] are equipped with various cone metrics. Their
polyhedral cone metrics are higher order differentials, but their underlying surfaces come with a natural
basis of holomorphic 1-forms that derive from the cone metrics. Experimental evidence suggests that the
SAF invariant is null for the aforementioned basis on {3, 8}.

In an ongoing work with Jayadev Athreya and Sasha Skripchenko, we study the vertical flow of this
particular 1-form on these examples.

Question 4.1. What can we say about the set {ωH} as we vary H, thinking of it as a subset of the vector
space of holomorphic 1-forms? In other words, what does the family of translation surfaces SP,H = (XP , ωH)
look like? Specifically, can we get translation surfaces SP,H for which the affine symmetry group SL(SP,H)
is a lattice?

Question 4.2. More generally, can we get more general Veech surfaces, that is, surfaces which are covers
of Veech surfaces branched over singular points?
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